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1. Introduction

1.1 Purpose of this document

The QUANTIFY project aims to advance sensing technologies through the development of MEMS
atomic vapor cell technology (MEMS cells) and photonic integrated light sources, including the
development of a quantum-enhanced optical atomic clock using a photonic squeezer (PICSq). The
purpose of this document is to assess the theoretical stability enhancement provided to a two-
photon Rubidium clock by using squeezed states of light. First, the quantum enhancement to the
fluorescence photon rate is computed, to assess potential improvements in compactness, power
consumption and long-term stability of the clock. Secondly, the effects of squeezed light on
intermodulation noise are investigated, with potential improvements on the short-term stability.

1.2 State of art and status of exploited technology
Enhancement of spectroscopic signals using squeezed light has been reported in specific
experimental conditions with low photon counts [1-7]. However, in situations akin to a high atomic
count (such as a Rubidium vapor cell) illuminated with a high photon count, no significant quantum
enhancement has yet been observed [8-13] or can be fully attributed to quantum light. To assess
the potential improvements to the stability of two-photon Rubidium clocks, the full electromagnetic
guantum scattering cross-section is computed for coherent and squeezed light, adapted from the
recent framework [14] proposed for Cesium.

2. Quantum enhanced fluorescence

2.1 Introduction
To properly assess the potential of squeezed light for realizing a Rubidium vapor-based two-photon
clock, the realizable theoretical enhancement of quantum light over classical light is computed. In
this regard, it is systematically assumed that conditions favor quantum operation (e.g. negligible
linewidth broadening, atom cooled in a magneto-optical trap, four-level system) to put an upper
bound on the quantum enhancement.

The energy level diagram of a Rubidium two-photon clock is given in Figure 1, which for the sake of
simplicity is approximated as a four-level system whose transition parameters are summarized in
Table 1. The clock transition is excited using two counterpropagating photons at 778 nm. The excited
state then partially deexcites radiatively, emitting detectable fluorescence at 420 nm which is used
as the control signal for locking the pump laser to the transition — a schematic representation of a
potential implementation of a single-color two-photon clock is provided in Figure 2.

A quantum advantage of squeezed light is obtained if at equal pump photon flux, a higher
fluorescence photon flux, results for a squeezed source compared to a classical source. Such an edge
would enable Rubidium clocks to function at lower pump light power, potentially enabling lower
SWaPs and, importantly, reducing the sensitivity of the clock to the Stark effect and leading to higher
stabilities.
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To determine the obtainable enhancement, the quantum optical scattering cross-section is first
theoretically determined, permitting the excitation probability of the excited energy state to be
computed for given pump conditions. From the excited state probability, a fluorescence photon flux
can readily be determined. Simulations are conducted to solve the excitation probabilities and find
the resulting quantum enhancements.

Table 1: Transition parameters relevant for the two-photon Rubidium clock

Transition Wavelength A [nm] Linewidth ' [s~1]
551/, = 5Pz, (ab) 780.241 38.11- 10°
5P3,, = 5D5; (bc) 774.95 2.89-10°
5Ds,, = 6P/, (cd) 5233.10 1.43- 10°
6P3/, = 55, (da) 420.298 1.873- 10°
D
5 5/2 A A C
d 6P; ),
778 nm
389 nm
a
5P3;7 b
778 nm
5512 a

Figure 1: Energy level diagram of the two-photon Rubidium clock transitions.

Rubidium cell °
778 nm laser D.. : S 1-
\ ~ \

Yid

Mirror

420 nm detector

Figure 2: Possible implementation of an interrogation scheme for a Doppler-free, two-photon Rubidium clock. A 778 nm laser
irradiates a Rubidium vapor cell and is reflected on a mirror, enabling photons from the incoming and reflected beam to probe the
two-photon transition without contributions from the Doppler effect. The fluorescence resulting from the deexcitation of the two-

photon excited Rubidium atoms can be detected with an appropriate detector and used to generate a control signal for tight
stabilization of the pump laser to the atomic transition.
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2.2 Excitation probability

It can be shown that [1] the excitation probability of the upper energy level is given by (up to a
prefactor irrelevant to the current discussion)

2
p= [ 1) |[ dorGran an@ - oD@, ¥)| do,

where
L(w) = 1 [,
® 2T

AR Vs
(g — )2 +4

corresponds to the two-photon transition lineshape, with

L = Z Lnn

the total decay rate of state m (which can be a, b, c or d) with [},,,, given in Table 1 and where the
single-photon transition’s lineshape from state m to state n is given by

1
Gmn(w) = o
n

T,
O = 0 = P58 =15

where w,,, = 21c/Ay,, and A,,,, given in Tab.1. To allow for a double color pumping scheme, a;
represent an annihilation operator centered around frequency w;. Finally, |¥;,,) represents the initial
state of the field. The excitation probability expression is understood as the integral over all possible
two-photon annihilations summing to w and weighted by the single photon intermediate state
lineshape; and integrating over all possible w weighted by the two-photon lineshape to sum up all
contributions.

The fluorescence photon flux resulting from the excitation probability can be computed through the
deexcitation pathways from the excited state as

Fga ch

f X pr_dr_cNatoms

with T}, the radiative contribution to the I;, linewidth and Ny ,ms the number of illuminated
atoms. This equation can be straightforwardly understood, it carries the fact that the fluorescence
photon flux is given by the product of the excitation probability, the number of atoms, and the
probability that the excited state deexcites through the fluorescent pathway. Technically, exact
fluorescence photon fluxes can be computed — but are unnecessary for the current analysis. As we
are mostly interested in the enhancement that squeezed light can provide over classical light, it is
sufficient to compute the excitation probability in both cases, as the deexcitation pathways of the
excited level do not depend on how it has been excited.
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2.3 Classical light

We now evaluate the excitation probability for the quantum state that is the closest to classical light,
i.e. a coherent state. We start from a two-color classical light source modeled by coherent states

|Wer) = Dy(a) Dy (ayp)|vac)
with the displacement operator
D](O(]) — ea]fqu)](u))aT(m)—h.c.’

where q)](oo) is the spectral distribution (i.e. the relative amplitude and phase) of the light sources,
normalized so that

de|c|)](u))|2 =1.

The average number of photons in each frequency band is then given by

2
N = [ dofpalaf@a @) = |’
while the two-point correlation function can be derived to be

(lpcl |a;r(w;)a;r1(00;1)an (w;)ar(wp) |1|Jcl) = | 0(11|2 la |2¢7 (0P (i) by (i) by (w)).

When replaced in the expression for the excitation probability, one gets

P = ety % ey |? fL(a))lfGba(a),)d),(w,)d),,(w — w)dw;|*dw.

In the continuous wave limit, ¢, peaks at w; and the expression can be reduced to the excitation
probability

Pew = loy?lay[PL(w; 4+ o) |Gpe (0],

This excitation probability under a finite photon flux is obviously maximized when w; = w,; and
w; + w;; = wge with |o]? = |ay;|? which corresponds to having half the photons pumping the
single-photon transition and the other half pumping the single-photon excited state to the two-
photon excited state. As stated earlier, this excitation probability is a direct measure of the resulting
fluorescence signal.
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2.4 Squeezed light

We suppose that the squeezed light is produced via spontaneous parametric down-conversion from
a light source with frequency w,. In the continuous wave limit, each generated photon pair will be
strongly correlated so that their frequencies w; + w;; = w,,, which allows one to write the squeezed
state as

|¢Sq) — eBeiefdw1¢1(wl)a;r(wl)a;rl(wp—wl),

with B the squeezing parameter, 0 the squeezing angle and, under a Gaussian phase-matching
with bandwidth Q. with center frequency ®; assumption,

_(o-w))°

= |— 202
(I)] (w) Q, e

Defining
s;(w) = Sinh(|B¢](w)|)

and

c;(w) = cosh(|[3c|)](w)|),
the average photon number is given by
NJSq = fczl_:sj((ﬂ)z-
Using the above definitions, it can be shown that the excitation probability consists of two terms.
The first one is given by
2

pscq = L(U)_p) |f Gba((’-)l)eie(ml) si(wp)c(wp)dw,

and is called the coherent contribution, as it represents the absorption of correlated photon pairs
with energy summing to exactly the pump energy. Note that the integral is maximized when the
squeezing angle is independent of frequency, and thus this assumption is made.

The second contribution to the excitation probability reads

psifcy = fL(OO)f 1Gpa(wp)s (@ — wi)s;(w)]? dwdw,

and represents the contribution of the absorptions of uncorrelated photons. Notably, the
incoherent contribution is always smaller than the coherent one. As such, we put an upper bound
on the excitation probability at twice the coherent excitation probability and forego the computation
of the incoherent term.
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2.5 Simulation settings

The above expressions for the excitation probability using classical and squeezed light can be used
to simulate the expected highest quantum enhancement obtainable by using squeezed light to
operate a two-photon clock. The only free parameters in the simulations are the number of photons
and the bandwidth of the squeezed light.

The photon number, or more precisely, the photon flux will be numerically scanned to identify the
regimes in which a qguantum enhancement can be obtained. This leaves the bandwidth of squeezed
light as a free parameter which will be studied in two cases, a low and a high bandwidth that will be
defined later.

We investigate two options for the clock operation. In the first scenario, both light sources are non-
degenerate, with photons equally distributed at the single photon transition and at the
complementary energy to reach the peak of the two-photon transition. This configuration
corresponds to a two-color two-photon clock and harnesses the enhancement in excitation offered
by the single-photon resonance. However, this scheme has its own drawbacks, namely a more
complex laser system and a possible implementation is illustrated in Figure 3

776 nm laser Rubidium cell o : Rubidium cell
’o ® “ Mirror - 776 nm + .. ® ‘. Mirror
780 nm laser : 780 nm SPDC J
\ \ ~ . yy '\ '\ ~
¥¥¥ : 389 nm SHG ¥¥¥
420 nm detector . A 420 nm detector
' 778 nm laser

Figure 3: Possible implementation of a classical-light (left) and squeezed-light (right) two-color two-photon Rubidium clock
corresponding to the first simulation scenario.

The second clock operation scheme assumes that both the squeezed and the classical light are
degenerate, i.e. their spectra have a center frequency at half of the two-photon resonance
frequency. This scheme is typically used in Doppler-free, single-color two-photon clocks. While this
approach leverages lower enhancement from the single-photon transition, it requires only a single
laser source and rids unwanted broadening effects, leading to simple laser systems, as seen in Figure
4.

Rubidium cell : Rubidium cell
778 nm laser b‘ *——«—R Mirror 1 [778 nm sPDC >' *——«—R mirror
\ e : 4 \ e
xxx .| 389 nm SHG ¥¥¥
: A
420 nm detector 778 nm laser 420 nm detector

Figure 4: Possible implementation of a classical-light (left) and squeezed-light (right) two-color two-photon Rubidium clock
corresponding to the second simulation scenario.
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2.6 Low squeezed-light bandwidth

In this first simulation, we set the bandwidth of the squeezed source to be equal to the linewidth of
the single-photon transition. The results are displayed in Figure 5.

Classical vs. squeezed light two-photon fluorescence

1036 .
—— Two-colors classical
1027 { — Two-colors squeezed light
_ —— Single-color classical =2
i 108 4 —— Single-color squeezed light | ///
i -—- 1mWat778 nm ;'/“//
S 10° i
o 1
*2 1
8 100 .
c 1
[0 1
E 102 - !
g |
ic 10718+ :
1
10—27 A :
1

10! 104 107 10%° 1013 1016 10%° 1022
Photon rate [ph/s ]

Figure 5: Simulations results. The fluorescence rates obtained in different pumping configurations are displayed, with a squeezed
light bandwidth equal to the linewidth of the single-photon transition.

An immediate result, which is also evident from its theoretical expression, is that fluorescence
generated from classical light always scales quadratically with the photon number. This can also be
understood from the observation that two-photon absorption is a cubic nonlinear process, thus
scales with the square of the light’s intensity. Intuitively, as a photon cannot excite the transition
alone, the fluorescence rate depends on the probability that two photons arrive at the same time
which scales as the square of the light’s intensity.

Comparing the results obtained from degenerate and non-degenerate classical pump sources, we
can easily observe that the enhancement provided by the single-photon transition (acting as a
resonant ‘ladder’ for the excitation) results in fluorescence rates enhanced by orders of
magnitude.

At very low photon numbers, one can directly see that squeezed light provides a significant
enhancement to the fluorescence rate. As the spontaneous parametric down-conversion process
generates pairs of entangled photons, a photon is always accompanied by another photon with the
complementary energy to reach the two-photon transition. As such, the probability of having two
photons arriving at the same time is the same as the probability of having a single photon, which
scales linearly with the intensity. This is observable in the rate of the fluorescence rate growing
linearly with the photon number at low photon numbers.

At higher photon fluxes, different photon pairs start arriving simultaneously in the Rb atoms. When
this is the case, the photons absorbed can either be from an entangled pair, or two photons from
different entangled pairs. Of course, this last situation is fully analogous to the classical case and
scales with the square of the light intensity, resulting in a behavior very similar to classical light at
high photon numbers.

www.quantify-project.eu
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At this low squeezed-light bandwidth, it can also be shown that the asymptotic enhancement
provided by squeezed light at high photon numbers is a factor of 2.

We note that for a typical operation point of a degenerate two-photon Rubidium clock, one uses a
classical light source with around 1 mW or more of power to excite the transition and get acceptable
signal-to-noise ratio on the resulting fluorescence. As such, this operation point has been reported
in terms of photon flux as a vertical dashed line in 5. One observes that at this operation point, we
can estimate the quantum enhancement to be around a factor of 2.

As all estimations and approximations carried out so far are highly in favor of the quantum
enhancement, it is quite clear that a factor of 2 is highly optimistic and not experimentally feasible,
and as such, squeezed light with low bandwidth is not expected to bring an edge to a two-photon
Rubidium clock operating at reasonable parameters with a classical light source.

2.7 High squeezed-light bandwidth

To complete the study, we turn towards an extreme case where the bandwidth of the squeezed light
spans across multiple nanometers, such that degenerate squeezed light covers the single-photon
transition. In this case, we obtain the results displayed in Figure 6.

Of course, classical light-produced fluorescence behavior is identical to the results discussed earlier.
However, squeezed light displays a different behavior — in this case, the bandwidth of the squeezed
light enables both the non-degenerate and the degenerate cases to populate the frequencies of the
single-photon transition, which results in the two cases being almost identical. One can notice
slightly better results for the degenerate squeezed light, as all its photons have a bandwidth that
contains both the single-photon transition and the complementary transition from the single-
photon excited state to the two-photon excited state.

Interestingly, this large bandwidth enhances the degenerate squeezed-state fluorescence rate
through better overlap with the single-photon transition. On the contrary, the non-degenerate
squeezed-state fluorescence is degraded, as an extension of its bandwidth results in a worst
distribution of energy inside the single-photon transition bandwidth.

www.quantify-project.eu
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Classical vs. squeezed light two-photon fluorescence

10%° 4
1013 4
5 10%4
K]
= 10
=
=
S 1075
)]
g -11
S 1071
2 .
Y 10174 Two-colors classical
_g —— Two-colors squeezed light
10234 —— Single-color classical
10-2° —— Single-color squeezed light
-==- 1mWat778 nm

10! 104 107 1010 1013 1016 101° 1022
Photon rate [ph/s ]

Figure 6: Simulation results. The fluorescence rates obtained in different pumping configurations are displayed, with a squeezed light
bandwidth spanning multiple nanometers.

It can also be seen that the squeezed states are heavily outperformed by the two-color classical light
at all photon numbers, and extremely close to the degenerate classical case, once again providing
little incentive to pursue squeezed-light illumination in a two-photon Rubidium clock.

3. Quantum intermodulation noise reduction

3.1 Introduction
Intermodulation noise is a fundamental limit to the performances of clocks relying on a modulation
scheme to probe an atomic transition. The phase noise of the oscillator (for optical clocks, the laser
source) at twice the modulation frequency contaminates the error signal and affects the quality of
the lock of the oscillator to the atoms. This effect can result in a degradation of the short-term
stability of two-photons Rubidium clock.

We investigate here how quantum light can potentially help to reduce intermodulation noise
through phase noise squeezing.

3.2 Intermodulation effect
As a reminder, we follow here loosely the derivation of [15] to find the intermodulation noise in
terms of phase noise of the laser source used.

We define w(t) as the instantaneous frequency of the laser source and w, as the resonance
frequency of the atomic transition, which also corresponds to the mean of w(t) if control loops work
properly. Then, the instantaneous frequency deviation w(t) — w, contains different contributions,
one of them being the deliberately imprinted modulation, which we denote by w,,g(t), where w,,
is the modulation depth and g(t) the periodic modulation function of frequency f;; and with
maximum absolute value of unity and an odd function of time. We can then separate the remaining
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frequency fluctuations as w(t) and (of(t), representing slow, respectively fast frequency
fluctuations (where slow is defined to correspond to the locking bandwidth). The frequency
deviations are then given by

w(t) — Wy = wpg(t) + ws(t) + we(t).

Practically, w,, is set to around half the atomic transition linewidth W, which for typical laser sources
implies

(1), wr () K Wy
The time-dependent response of the atomic resonator is then

10 _ (00 = wg
()

with h an even function of the frequency detuning. At first order, this can be expanded into

1) _

T h <(0ng(t)> + (ws(t) + wf(t)) ah(mmg(t)/W).

ow

From the given assumptions, the first term does not contain components at frequency f,,, while
the second term does. By selectively filtering the response around f,,, we thus get

I'(t)
Iy

= (ws(t) + Wy (t)) Z Pyni1sin(2n(2n + 1) f,t),

where P,,,,; are Fourier coefficients that can be computed from h, g(t) and w,,. The fast fluctuation
can be decomposed in the Fourier base, and we define their in- and out-of-phase Fourier amplitude
at 2fy by g5 and p, ¢y respectively. One can then show that the fluctuations of the response of
the atomic resonator at frequency f), is given by (keeping only the leading terms)

Ly (8)
Iy

= Pywg(t)sin(2nfyt) — aqypy (£)sin(2ufyt) — Bpysm (t)cosLmfyt),

where a and B can be computed from the P, coefficients. After demodulation at sin(21ft), we
obtain an error signal that is forced to zero by the control loop, which gives

a
wg(t) = P_quM-
1

This demonstrates that even with a closed control loop forcing the demodulated signal at zero, we
obtain residual frequency fluctuations that directly depend on the noise amplitude of the laser
source at 2 f;,. From the assumption that this noise is white, one can show that the resulting residual
Allan deviation from this frequency instability is given by

www.quantify-project.eu
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Gy(r) ~ Sy(ZfM)/z\/?'

demonstrating that the frequency (or phase) noise of the source at 2f,, perturbs the frequency
stability of the clock.

Importantly, this formula also allows one to compute potential enhancements to the stability coming
from improvements in the source’s phase noise.

3.3 Quantum light phase noise reduction

By using a quantum source, it is possible to obtain phase noise below what is achievable by a classical
light source, which from the results above should directly improve the intermodulation limit to the
clock stability.

The standard approach to squeezed light assumes squeezing in one of the quadratures of the electric
field. Unfortunately, such a definition of a squeezed state does not allow for a simple computation
of the associated phase noise reduction. In fact, while some forms have been proposed (see e.g.
[16]), it is not clear that a proper quantum phase operator can be defined — and resulting
computations promise tediousness.

As such, we follow here an alternative approach that should provide reasonable insight into the
enhancement in phase noise that can be obtained, based on an analysis of the phase space of

squeezed light.

We start with the standard expression of the quantum harmonic oscillator Hamiltonian, which will
be the starting point of our discussion:

H= hw(aTa + 1/2).

Note that n = a'a is the photon number operator and will be used later. One can then define the
quadrature operators X = (a’ + a)/2and Y = (a — a®)/2i to write

H=ho(X?+Y?),
these quadrature operators obey the Heisenberg uncertainty principle
A’XA%’Y > 1/16.

A coherent state (classical light) saturates the inequality and has A2X = A%2Y = 1/4. This allows
one to draw the phase-space diagram of a coherent state as in Figure 7.
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Y &

>
X

Figure 7: Phase-space of a coherent state.

Squeezed light, by definition, is a state that has a quadrature component (or a combination of them)
with variance smaller than %. Supposing for instance a squeezing in the X operator, the phase-space
diagram can be drawn as in Figure 8.

Y.‘.

AY

>
AX X

Figure 8: Phase-space representation of an X-squeezed state.

To get an insight into potential phase noise reduction induced by squeezing, we first note that from
the Heisenberg time-energy uncertainty relation

AE At > h)2

evaluated with an n-photon state, we have AE = hwAn, while the phase ¢ = wt implies At =
Ad/ w and thus

An A = 1/2.

Consequently, we see that a state that is squeezed in phase, thus with reduced phase noise, must
be anti-squeezed in the photon number, and thus have higher intensity noise. Notably, this type of
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light is often called super-Poissonian light, as it exhibits a photon number distribution with a variance
higher than that of a standard Poisson distribution.

Noting that n = X2 + Y2 — 1/2, the photon number in the phase space is readily identified as the
analogous of the squared radius from the origin to the center of the phase space region occupied
by the state of interest. Similarly, the phase can be identified as the polar angle at which the phase
space is occupied, as depicted in Figure 9.

Y 4

>
X

Figure 9: Photon number and phase representation of a coherent state in the quadrature phase-space.

It is then directly seen that the phase noise is minimized when the orientation of the anti-squeezing
points towards the origin, as in Figure 10.

Y‘.

>

X

Figure 10: Maximally phase-squeezed state phase-space representation.

Practically, if the squeezing angle can be modified without changing the overall phase, then it is
possible to orient the squeezing direction to minimize the resulting phase noise. We note that
squeezing experiments conducted so far have achieved quadrature squeezing enhancements of a
few dB, which we will optimistically estimate to translate to 5 dB in an experiment on a two-photon
clock. We can then estimate the potential photon number noise reduction to be on twice the same
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order, i.e. 10 dB. If the squeezing can be rotated freely in the phase space, then we can estimate the
potential phase noise reduction to be on the same order of 10 dB, from the above Heisenberg
uncertainty principle.

Combined with the results obtained in the intermodulation section, using squeezed-phase light
should provide an enhancement of the two-photon clock intermodulation-limited stability scaling
with the square root of the squeezing factor. Optimistically, this could result in up to 5 dB of
quantum enhancement of the two-photon clock stability, provided its stability is limited by the
intermodulation noise.

4. Conclusion

We have demonstrated via theoretical derivation and subsequent simulations that quantum light
should not provide meaningful enhancements to the fluorescence rates of two-photon Rubidium
optical clocks. In typical operating conditions, the analysis shows that two-color classical excitation
light is the preferred approach. However, this approach has several technical drawbacks, including
using two distinct lasers. This encourages us to pursue the single-color approach which has a higher
potential for a low SWaP, without compromising significantly on the short-term stability.

In addition, we have studied the intermodulation noise, originating from the phase noise of the laser
source used to probe the atomic transition. A direct approximation of its contribution to the stability
of the clock is given. The phase-space representation of quantum squeezed sources is then used to
derive an upper bound on the potential of quantum sources to reduce the intermodulation noise.
Provided the clock stability is limited by the intermodulation noise, we could expect at most an
enhancement of a few dB, directly linked to the square root of the practically achievable squeezing
parameter.
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